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E-mail addresses: akbarov@yildiz.edu.tr (S. AkbaThis paper investigates the dynamic response to a moving load of a system comprising an
initially stressed covering layer and initially stressed half-plane, within the scope of the
piecewise-homogeneous body model utilizing three-dimensional linearized wave propaga-
tion theory in the initially stressed body. It was assumed that the materials of the layer and
half-plane are anisotropic (orthotropic), and that the velocity of the line-located moving
load is constant as it acts on the free face of the covering layer. The investigations were
made for a two-dimensional problem (plane-strain state) under subsonic velocity of the
moving load for complete and incomplete contact conditions. Corresponding numerical
results were obtained for the stiffer layer and soft half-plane system in which the modulus
of elasticity of the covering layer material (for the moving direction of the load) is greater
than that of the half-plane material, which was assumed to be isotropic. Numerical results
are presented and discussed for the critical velocity and stress distribution for various val-
ues of the problem parameters. In particular, it was established that, the critical velocity of
the moving load is controlled mainly with a Rayleigh wave speed of a half-plane material
and the initial stretching of the covering layer causes to increase these values.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Studies on the dynamic response of bodies to moving loads are of great signiﬁcance in both the theoretical and practical
points of view. The results of these investigations can be employed in many branches of modern transportation engineering,
such as the design of track/road beds and bridges for high-speed trains, cars, trucks, etc., parking garages, ballistic systems
(i.e., rail guns), aircraft runways, high-speed precision machining, magnetic disk drives, and so forth. A considerable part of
these studies relates to the dynamic response of the layered half-plane to a moving load, which is taken as a model to sim-
ulate track-based systems or various pavements subjected to moving vehicle loads. The relevant theoretical investigations in
this ﬁeld were made by Achenbach et al. (1967) and in other works listed in the references of that paper. However, over time,
these studies have been improved and developed continuously; the latest iterations are described by Auersch (2006), Kar-
slström (2006), Bespalova (2007), Madshus and Kaynia (2000) and in many others.
Note that the foregoing investigations can be classiﬁed from various points of view, one of which is based on the values of
the ratios Gl/Gh and c2l/c2h, where Gl (Gh) is a shear modulus of elasticity and c2l (c2h) is the speed of a distortion wave for the
covering layer (half-space) material. In a system consisting of a stiffer layer and soft half-space (soft layer and stiffer half-
space) it is understood that Gl/Gh > 1, c2l/c2h > 1 (Gl/Gh < 1, c2l/c2h < 1). As an example, a system comprising a stiffer layer. All rights reserved.
ax: +90212 259 5021.
rov), ilhan@yildiz.edu.tr (N. _Ilhan).
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distortion wave for the covering slab material are signiﬁcantly greater than those for the underlying soil. At the same time, a
system comprising a soft layer and stiffer half-space can be used as a model to simulate an asphalt road on rigid ground. The
dynamic response to a moving load of the stiffer layer and soft half-space system is different in the qualitative sense from
that of the soft layer and stiffer half-space system. However, investigations considered in the aforementioned studies em-
ployed the classical linear theory of elastodynamics, and the equation of motion for the layer was described within the scope
of Kirchhoff or Timoshenko beam-plate theories, but the equation of motion for the half-plane was described utilizing exact
equations of the linear theory of elastic waves. Current high speed transportation vehicle engineering requires investigations
of problems of the foregoing type within the framework of more accurate theories that take nonlinear dynamic effects into
account.
An interesting and urgent problem is the elastodynamics problem for initially stressed bodies. Initial stresses occur in
covering layer and half-space systems after manufacturing and assembly and, in many cases, the magnitude of these stresses
has a large effect. Moreover, sharp changes in environmental conditions (i.e., temperature changes) cause roadbeds, aircraft
runways, etc. to be initially stressed. This change can be modeled as initial stresses in the constituents of a covering layer and
half-space system; in fact, it is necessary to take these initial stresses into account within the study of the dynamic response
of these systems to a moving load.
Under certain conditions, the types of problems noted above can be solved with the use of the Three-dimensional Line-
arized Theory of Elastic Waves in Initially Stressed Bodies (TLTEWISB). The constructions of TLTEWISB ﬁeld equations and
their applications to the wave propagation problem for initially stressed bodies are detailed by Green et al. (1952), Biot
(1965), Truestell and Noll (1965), Guz (1986a,b, 2004), Akbarov and Ozisik (2004), Zhuk and Guz (2007). Furthermore,
the time-harmonic stress ﬁeld in layered pre-strained bodies has been studied by Akbarov (2006, 2007) and by Yahnioglu
(2007) through the application of TLTEWISB.
Nevertheless, within the framework of TLTEWISB, few studies have been done on the dynamic response to the moving
load of a pre-strained layered half-space; Babich et al. (1986, 1988). In Babich et al. (1986), the dynamical response was con-
sidered for a system consisting of a layer and pre-strained half-plane. The equation of motion for the covering layer was de-
scribed by Timoshenko beam theory, but the equation of motion for the half plane was described by TLTEWISB. The solution
to the corresponding boundary value problem was determined by using the exponential Fourier integral transformation.
Corresponding numerical investigations were made for the case where constitutive relations for the half-plane material were
described in terms of harmonic potential. Moreover, it was assumed that the speed of the moving load was constant and the
subsonic case had been taken into consideration. These numerical investigations led to the study problem parameters’ inﬂu-
ence on critical velocity. In the second study by Babich et al. (1988) the foregoing problem was studied utilizing the complex
potentials of TLTEWISB.
Akbarov et al. (2007) employed the ﬁndings of Babich et al. (1986, 1988) in developing a case where the covering layer is
also strained initially, and where the equation of motion for this layer is also described by TLTEWISB, and from this, the inﬂu-
ence of the problem parameters on the critical velocity was studied. However, Akbarov et al. (2007) assumed the materials of
the covering and half-plane to be isotropic. This assumption signiﬁcantly restricts the theoretical investigations in terms of
controlling the critical velocity values for the moving load and the stresses acting on the interface plane through the mechan-
ical properties of the layer and half-plane materials. Therefore, the present study further develops the investigation in Akba-
rov et al. (2007) for the case where the materials of the covering layer and half-plane are anisotropic (orthotropic). Note that
the anisotropy of the covering layer materials in the aforementioned systems may occur as a result of oriented reinforcing
elements present in these materials. At the same time, under certain conditions, multi-layered soil (half-plane) or a multi-
layered covering plate can be modeled as a homogeneous orthotropic material with normalized mechanical properties.
Furthermore, it should be noted that the foregoing determination of a system consisting of a stiffer layer and soft half-
space or soft layer and stiffer half-space is not applicable in cases where the materials of the covering layer or of the half
space are orthotropic, because, in the latter case, there are six independent moduli of elasticity and many wave speeds asso-
ciated with these moduli. Therefore, for cases where the materials of the covering layer or of the half-space are orthotropic,
whether the system consists of a ‘‘stiffer layer and soft half-space” or ‘‘soft layer and stiffer half-space” must be indicated. In
the present paper, within the ‘‘stiffer layer and soft half-space” system, the modulus of elasticity of the covering layer mate-
rial in the moving load direction is greater than that of the half-plane material, and corresponding numerical results are pre-
sented for this case. These results illustrate the inﬂuence of the mechanical properties of the covering layer material and the
inﬂuence of the initial stresses on the values of the moving load’s critical velocity and on the stresses acting on the interface
plane between the layer and half-plane. In this study, in a mathematical sense a two-dimensional problem is solved and
throughout the paper repeated indices indicate a summation over their ranges. However, underlined repeated indices are
not to be taken as sums.
2. Formulation of the problem
Taking into consideration the initially strained half-plane covered by the initially strained layer, we determine the posi-
tions of the points of the layer and half-plane by the Lagrangian coordinates in the Cartesian system of coordinates Ox1x2x3
(Fig. 1). We assume that the layer and half-plane (before the contact) are stressed separately in the direction of the Ox1 axis
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Fig. 1. The geometry of the structure of the half-plane covered by the layer.
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the regions {1 < x1 <1, h 6 x2 6 0, 1 < x3 < +1} and { 1 < x1 < +1, 1 6 x2 6 h, 1 < x3 <1}, respectively
(Fig. 1). The direction of the Ox3 axis is perpendicular to the ﬁgure plan and therefore is not shown in Fig. 1.
The values related to the layer and half-plane are denoted by the upper indices (1) and (2), respectively. Moreover, the
values related to the initial stresses are denoted by the additional upper index 0.
The linearly elastic material of the layer and the half-plane are to be taken as homogeneous and orthotropic with the prin-
cipal axes Ox1, Ox2, and Ox3. We also assume that the layer and half-plane materials are moderately rigid and the initial stress
states in these have been determined within the scope of the classical linear theory of elasticity as followsrðmÞ;011 ¼ const m ¼ 1;2; rðmÞ;0ij ¼ 0 for ij 6¼ 11: ð1ÞAs we consider the case where the initial stress state in the covering layer and half-plane is determined by the classical
linear theory of elasticity, the distinction between the coordinates regarding the natural and the initial states is so slight that
it need not be taken into account.
Thus, given the statements above, we assume that on the upper free face of the covering layer the line-located force,
which moves with constant velocity V in the direction of the Ox1 axis, acts as shown in Fig. 1. This is required to determine
the dynamical response of the considered system to the moving load under the plane-strain state in the Ox1x2 plane.
According to Guz (2004), the equation of motion of TLTEWISB for the small initial deformation isorðmÞij
oxi
þ rðmÞ;011
o2uðmÞj
ox21
¼ qðmÞ o
2uðmÞj
ot2
i; j;m ¼ 1;2 ð2ÞIn Eq. (2) conventional notation is used.
The relations between the strains and stresses for orthotropic body under plane-strain state arerðmÞ11 ¼ ðAðmÞ11 eðmÞ11 þ AðmÞ12 eðmÞ22 Þ; rðmÞ22 ¼ ðAðmÞ12 eðmÞ11 þ AðmÞ22 eðmÞ22 Þ; rðmÞ12 ¼ 2lðmÞ12 eðmÞ12 ð3Þ
whereAðmÞ11 ¼
aðmÞ22
det j aðmÞij j
; AðmÞ12 ¼
aðmÞ12
det j aðmÞij j
; AðmÞ22 ¼
aðmÞ11
det j aðmÞij j
; aðmÞ11 ¼
1
EðmÞ1
1 mðmÞ213
EðmÞ1
EðmÞ3
 !
;
aðmÞ12 ¼
1
EðmÞ2
mðmÞ12  mðmÞ13 mðmÞ23
EðmÞ2
EðmÞ3
 !
; aðmÞ22 ¼
1
EðmÞ2
1 ðmðmÞ23 Þ2
EðmÞ2
EðmÞ3
 ! ð4ÞIn relations EðmÞ1 , E
ðmÞ
2 , and E
ðmÞ
3 are the modulus of elasticity of the mth material in the direction of the principal axes Ox1,
Ox2, and Ox3, respectively; and m
ðmÞ
12 , m
ðmÞ
13 , m
ðmÞ
21 , m
ðmÞ
23 , m
ðmÞ
31 , and m
ðmÞ
32 are the Poisson coefﬁcients (Lekhnitskii, 1981). Note that m
ðmÞ
ij
characterizes the shortening (elongation) in the direction of the ith principal axis under stretching (compression) along the
jth principal axis. Moreover, three of the six Poisson coefﬁcients are independent ones, because, according to the symmet-
rical properties of the mechanical constants, the relations mðmÞ12 E
ðmÞ
1 ¼ mðmÞ21 EðmÞ2 , mðmÞ13 EðmÞ1 ¼ mðmÞ31 EðmÞ3 , and mðmÞ23 EðmÞ2 ¼ mðmÞ32 EðmÞ3 must
occur.
Note that the components eðmÞ11 , e
ðmÞ
22 , and e
ðmÞ
12 of the strain tensor are determined through the components u
ðmÞ
1 and u
ðmÞ
2 of
the displacement vector as follows:eðmÞ11 ¼
ouðmÞ1
ox1
; eðmÞ22 ¼
ouðmÞ2
ox2
; eðmÞ12 ¼
1
2
ouðmÞ1
ox2
þ ou
ðmÞ
2
ox1
 !
ð5Þ
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half-plane separately.
Now, we consider the formulation of the boundary and contact conditions. The considered system is excited by a line-
pointed moving load on the upper face plane of the covering layer therefore the following boundary conditions must be
satisﬁed.rð1Þ12 jx2¼0 ¼ 0; r
ð1Þ
22 jx2¼0 ¼ P0dðx1  VtÞ ð6Þwhere d(x) denotes Dirac’s delta function.
Contact conditions occur in the interface plane between the covering layer and half-plane. As in Babich et al. (1986, 1988)
and Akbarov et al. (2007), we will also consider two types (complete and incomplete) of contact conditions. For complete
contact conditions, we assume thatrð1Þi2 jx2¼h ¼ r
ð2Þ
i2 jx2¼h; u
ð1Þ
i jx2¼h ¼ u
ð2Þ
i jx2¼h; i ¼ 1;2 ð7ÞHowever, for incomplete contact, the following conditions are satisﬁed.rð1Þ12 jx2¼h ¼ 0; r
ð2Þ
12 jx2¼h ¼ 0; r
ð1Þ
22 jx2¼h ¼ r
ð2Þ
22 jx2¼h; u
ð1Þ
2 jx2¼h ¼ u
ð2Þ
2 jx2¼h ð8ÞIn addition, there are the following decaying conditionsj uð2Þi j; j rð2Þij j< M ¼ constant as x2 ! 1: ð9ÞThis completes the formulation of the problem. It should be noted that in the case where rðmÞ;011 ¼ 0, (m = 1,2) the problem
formulation described above transforms into the corresponding one within the scope of the classical linear theory of
elastodynamics.
3. Method of solution
From Eqs. (2), (3) and (5) we can obtain the following equations of motion in terms of displacement:lðmÞ12
o2uðmÞ1
ox22
þ o
2uðmÞ2
ox1ox2
 !
þ AðmÞ11
o2uðmÞ1
ox21
þ AðmÞ12
o2uðmÞ2
ox1ox2
þ rðmÞ;011
o2uðmÞ1
ox21
¼ qðmÞ o
2uðmÞ1
ot2
lðmÞ12
o2uðmÞ1
ox1ox2
þ o
2uðmÞ2
ox21
 !
þ AðmÞ12
o2uðmÞ1
ox1ox2
þ AðmÞ22
o2uðmÞ2
ox22
þ rðmÞ;011
o2uðmÞ2
ox21
¼ qðmÞ o
2uðmÞ2
ot2
ð10ÞBy using the coordinate systemx01 ¼ x1  Vt; x02 ¼ x2 ð11Þ
which moves with loading force and introducing the notationcðmÞ12 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
lðmÞ12
qðmÞ
s
ð12ÞEq. (10) is transformed into the following one:AðmÞ11 þ rðmÞ;011
lðmÞ12
 V
2
cðmÞ
2
12
0
@
1
A o2uðmÞ1
ox21
þ 1þ A
ðmÞ
12
lðmÞ12
 !
o2uðmÞ2
ox1ox2
þ o
2uðmÞ1
ox22
¼ 0
1þ r
ðmÞ;0
11
lðmÞ12
 V
2
cðmÞ
2
12
0
@
1
A o2uðmÞ2
ox21
þ 1þ A
ðmÞ
12
lðmÞ12
 !
o2uðmÞ1
ox1ox2
þ A
ðmÞ
22
lðmÞ12
o2uðmÞ2
ox22
¼ 0
ð13ÞIn Eq. (13), the upper prime in x1 and x2 is omitted. In this case, the second boundary condition in (6) is replaced by the
following one.rð1Þ22 jx2¼0 ¼ P0dðx1Þ ð14Þ
Thus, the other conditions in (6)–(9) are also valid for the new coordinate system (11).
Now we consider the solutions to Eq. (13). For this purpose we employ the exponential Fourier transformation with re-
spect to the x1 coordinate deﬁned asfFðs; x2Þ ¼
Z þ1
1
f ðx1; x2Þeisx1dx1 ð15Þin Eq. (13) and given the corresponding boundary and contact conditions. As a result of this transformation we may obtain
from (13) the following equation with respect to uðmÞ1F ðs; x2Þ and uðmÞ2F ðs; x2Þ:
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dx22
þ isbðmÞ du
ðmÞ
2F
dx2
 s2aðmÞuðmÞ1F ¼ 0
dðmÞ
d2uðmÞ2F
dx22
þ isbðmÞ du
ðmÞ
1F
dx2
 s2cðmÞuðmÞ2F ¼ 0
ð16Þwherei ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
; aðmÞ ¼ A
ðmÞ
11 þ rðmÞ;011
lðmÞ12
 V
2
cðmÞ
2
12
; bðmÞ ¼ A
ðmÞ
12
lðmÞ12
þ 1; cðmÞ ¼ 1þ r
ðmÞ;0
11
lðmÞ12
 V
2
cðmÞ
2
12
; dðmÞ ¼ A
ðmÞ
22
lðmÞ12
ð17ÞIn the present investigation, we assume that the following inequalities are satisﬁedV < min cð1Þ12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ r
ð1Þ;0
11
lð1Þ12
vuut ; cð2Þ12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ r
ð2Þ;0
11
lð2Þ12
vuut
8<
:
9=
;; A
ðmÞ
11
lðmÞ12
> 1;
AðmÞ12
lðmÞ12
> 1;
AðmÞ22
lðmÞ12
> 1: ð18ÞThe case determined by relation (18) is called the subsonic case.
Taking relation (18) into account and making some mathematical manipulations, we obtain from Eqs. (16) and (17) the
following expression for uðmÞ1F and u
ðmÞ
2F
:uð1Þ2F ¼ F
ð1Þ
1 ðsÞeK
ð1Þ
1 x2 þ Fð1Þ2 ðsÞeK
ð1Þ
1 x2 þ Fð1Þ3 ðsÞeK
ð1Þ
2 x2 þ Fð1Þ4 ðsÞeK
ð1Þ
2 x2
uð2Þ2F ¼ F
ð2Þ
1 ðsÞeK
ð2Þ
1 x2 þ Fð2Þ3 ðsÞeK
ð2Þ
2 x2
ð19ÞIn expression (19) the notationKðmÞ1;2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A
ðmÞ
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðmÞ
2
 !2
 BðmÞ
vuut
vuuut ð20Þis used, whereAðmÞ ¼ ðs2aðmÞdðmÞ þ s2bðmÞ2  s2cðmÞÞðdðmÞÞ1; BðmÞ ¼ s4aðmÞcðmÞðdðmÞÞ1: ð21Þ
Thus from (19), (16), (5) and (3) we have completely determined the Fourier transformation of all sought values. For
determination of the unknowns Fð1Þ1 ðsÞ, . . ., Fð1Þ4 ðsÞ, Fð2Þ1 ðsÞ, and Fð2Þ3 ðsÞ which enter into these transformations, we obtain from
boundary condition (14) and contact condition (7) (for complete contact) or contact condition (8) (for incomplete contact)
the corresponding closed system of algebraic equations. Note that condition (9) is already used in the determination of the
expression for uð2Þ2F in (19).
From the algebraic equations we ﬁnd the aforementioned unknowns and, employing the inverse transformf ðx1; x2Þ ¼ 12p
Z þ1
1
fFðs; x2Þeisx1ds ð22Þwe determine the sought stresses and displacements.
Now consider the calculation of integral (22); it can be reduced to the calculation of either of the following integrals.f ðx1; x2Þ ¼ 1p
Z þ1
0
fFðs; x2Þ cosðsx1Þds for uðmÞ2F ; r
ðmÞ
22 ; r
ðmÞ
11 ; e
ðmÞ
22 ; e
ðmÞ
11 and
f ðx1; x2Þ ¼ 1p
Z þ1
0
fFðs; x2Þ sinðsx1Þds for uðmÞ1F ; r
ðmÞ
12 ; e
ðmÞ
12
ð23ÞGiven the calculation of the integrals in (23) we must use the following relation:Z 1
0
ð:Þds 
Z S
0
ð:Þds ð24ÞThe values of S* in (24) are determined from the corresponding numerical convergence criterion.
Numerical investigations show that, in general, within ﬁxed values of the problem parameters for each value of V the
quantities uðmÞiF ; r
ðmÞ
ijF
have singular points with respect to sh. The following is a consideration of the determination of these
singular points.
According to the procedure for the determination of the unknowns Fð1Þ1 ðsÞ, . . ., Fð1Þ4 ðsÞ, Fð2Þ1 ðsÞ, Fð2Þ3 ðsÞ (see, Akbarov (2006,
2007)), the aforementioned singular points coincide with the roots of the equationdet kanmðVðshÞÞk ¼ 0; n;m ¼ 1;2; . . . ;6 ð25Þ
in V(sh), where anm(V(sh)) are the coefﬁcients of the unknowns in the algebraic equation system.
Consequently, the order of the singularity (denoted by r) of integrated values coincides with the order of the roots of Eq.
(25). It is known that in the case where 0 6 r < 1 the integral (24) can be calculated by the use of normal well-known algo-
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case where r > 1 the integral does not have any meaning and the velocity corresponding to this case is called the ‘‘critical
velocity”. Note that at critical velocity, a resonance type of phenomenon takes place. In this case the values of all parameters
of the problem are ﬁxed (except the load-moving velocity V) and for the given value of sh, the velocity V is determined from
Eq. (25) as the root of this equation. In this way, the dependence between V and sh is obtained, and the critical velocity cor-
responds to the case where dV/d(sh) = 0.
One of the main questions of moving load problems for layered materials in subsonic state (18) is the determination of
this critical velocity (denoted by Vcr.) and the inﬂuence of the problem parameters on its values. The other question about
moving load problems is the determination of the stress-strain state in the mechanical system wherein V < Vcr.. In this case,
integral (24) is calculated with the algorithm developed in Akbarov (2006, 2007).
Note that to solve the problem under consideration, numerical methods such as MEM (Moving Element Method), FEM
(Finite Element Method), BEM (Boundary Element Method), etc. can also be used. Among these methods, MEM, as developed
by Koh et al. (2007) and other references listed within that paper are preferable. This method is a FEM, which is applied to
solve corresponding moving load problems after coordinate transformation (11). Up to now, this method has been examined
for solutions to one-and two-dimensional moving load problems where the corresponding displacement and stress ﬁelds
have been determined. But, up to now, MEM has not been utilized in order to determine the critical velocity of the moving
load. At the same time, it follows from the procedure involved in solving MEM that this method is not preferable to that used
in the present study. Moreover, the numerical results obtained by employing the method used in the present study are based
on analytical solutions which, in general, are more accurate and reliable than those obtained by the use of any discrete
numerical method.
Thus, we now consider the numerical results obtained within the framework of the solution discussed above and related
to the inﬂuence of the initial strain on the covering layer and half-plane, and the mechanical properties of those on the values
of the critical velocity and on the values of the stresses acting on the interface plane between the covering layer and half-
plane.
4. Numerical results and discussions
Within the framework of this paper we cannot consider the analyses and discussions of the numerical results regarding
the kinds of values of all problem parameters which characterize the anisotropic (orthotropic) properties of the covering
layer and half-plane materials. Therefore, we must limit the changing range of these parameters. In the present paper we
assume that the material of the half-plane is isotropic, i.e.,Eð2Þ1 ¼ Eð2Þ2 ¼ Eð2Þ3 ¼ Eð2Þ; mð2Þ12 ¼ mð2Þ13 ¼ mð2Þ23 ¼ mð2Þ; lð2Þ12 ¼
Eð2Þ
2ð1þ mð2ÞÞ ð26ÞTaking the relations in (26) into account, we introduce the following notatione ¼ E
ð2Þ
Eð1Þ1
; g1 ¼
rð1Þ;011
Eð1Þ1
; g2 ¼
rð2Þ;011
Eð2Þ1
; l1 ¼
lð1Þ12
Eð1Þ1
ð27ÞMoreover, we assume thatmð1Þ12 ¼ mð1Þ13 ¼ mð1Þ23 ¼ mð1Þ ¼ 0:3; mð2Þ ¼ 0:3;
qð2Þ
qð1Þ
¼ 0:5 ð28ÞIn order to anticipate the real (dimensional) values of the critical velocity we use the notationc ¼ V
cð2ÞR
ð29Þfor the dimensionless velocity c, where cð2ÞR is a Rayleigh wave speed of a half-plane material. The critical values of this veloc-
ity will be shown as ccr: ¼ Vcr:=cð2ÞR .
We will now analyze the graphs of the dependencies c = c(sh) which were obtained from the solution to Eq. (25) within
the scope of assumptions (26)–(29). Note that the numerical results (not given here) show that the dependencies c = c(sh) in
cases where eð¼ Eð2Þ=Eð1Þ1 Þ > 1 do not have any local maximum or minimum for which dc/d(sh) = 0. Such local maxima or
minima arise only in cases where e < 1, i.e., in cases where the modulus of elasticity of the covering layer material in the
direction of the Ox1 (Fig. 1) axis is greater than that for the half-plane material.
Fig. 2 shows the graphs of c = c(sh) in cases where e = 0.1 (Fig. 2a) and e = 0.5 (Fig. 2b) for various Eð1Þ2 =E
ð1Þ
1 ð¼ Eð1Þ3 =Eð1Þ1 Þ given
that l1  0.3846, g1 = g2 = 0.00. Note that for Eð1Þ2 =Eð1Þ1 ¼ 1:0 the considered values of the problem parameters correspond to
the case where the material of the covering layer is also isotropic. As noted above, this case was already considered by Akba-
rov et al. (2007). Therefore, the graphs of the dependencies c = c(sh) constructed in this case coincide with those presented in
the paper by Akbarov et al. (2007).
The graphs shown in Fig. 2 are attained for complete contact condition (7). Such graphs are also attained for incomplete
contact conditions in (8) but these graphs have not been shown here because they have the same character as the graphs
Fig. 2. The graphs of the dependencies between c and sh for various values of Eð1Þ2 =E
ð1Þ
1 ¼ Eð1Þ3 =Eð1Þ1 for l1 = 0.3846, under complete contact conditions for the
case where g1 = 0, g2 = 0. (a) e = 0.1, (b) e = 0.5.
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local maximum and one local minimum. The analyses of the large number numerical results allow us to conclude that there
exist such values of the problem parameters that the following may take place: (i) the function c = c(sh) does not have any
local maximum or minimum; (ii) the function c = c(sh) has only one local maximum or minimum for sh 6¼ 1; (iii) the func-
tion c = c(sh) has one or more local maximum and one or more local minimum for sh 6¼ 0 and sh 6¼ 1. In case (i) the critical
velocity does not exist, or (ii) the critical velocity exists and corresponds to the local maximum or minimum of the function
c = c(sh), and ﬁnally (iii) the critical velocity also exists and corresponds to the minimum value of c selected from among the
minima.
According to the above, as well as deﬁnitions of the critical velocity (denoted by ccr.) and the graphs given in Fig. 2, it can
be concluded that the values of ccr. increase with decreasing E
ð1Þ
2 =E
ð1Þ
1 , i.e., with a decrease in the modulus of elasticity of the
covering layer material in the direction along its thickness. At the same time, these graphs show that the values of ccr. in-
crease with a decreasing e; i.e., for ﬁxed values of the modulus of elasticity of the half-plane material as the modulus of elas-
ticity along the load moving direction of the layer material increases the values of ccr. decrease.
Consider the comparison of the values of the critical velocity attained from the present investigations with those attained
by Akbarov et al. (2007) and Babich et al. (1986). Note that in this table the values of Vcr:=c
ð1Þ
12 are illustrated, because Akbarov
et al. (2007) and Babich et al. (1986) had made the corresponding discussions on the dimensionless velocity Vcr:=c
ð1Þ
12 . TheTable 1
The values of Vcr=c
ð1Þ
12 for g1 = g2 = 0 under complete and incomplete contact conditions in the case where the materials of the covering layer and half-plane are
isotropic
e Comp. Cont. Cond. Incomp. Cont. Cond.
0.5 0.841 0.709
0.839 0.719
0.1 0.428 0.373
0.427 0.372
The upper (lower) numbers show the values of ccr. attained in the present paper and in Akbarov et al. (2007) (Babich et al. (1986)).
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for the correctness of the approach used, as well as the algorithm that PC programmes have produced for this numerical
investigation. Moreover, this comparison shows that in the case where the material of the covering layer is isotropic describ-
ing its motion within the scope of the Timoshenko theory gives results with a high degree of accuracy and these results coin-
cide almost completely with the corresponding ones obtained within the scope of TLTEWISB. It is well-known that in cases
where the material of the covering layer is anisotropic (for example, Guz (1986a,b, 2004), and Biot (1965)) the accuracy of
the results attained by the Timoshenko theory as well as by other reﬁned plate theories reduces as the degree of the anisot-
ropy is increased. Only in such cases does the necessity arise for the employment of the exact equations of elastodynamic
motion – a step which has also been made in the present investigation.
Now, we consider some graphs of dependencies between c and sh given in Fig. 3 and constructed for various l1 in the case
where g1 = g2 = 0.00, e = 0.2, E
ð1Þ
3 =E
ð1Þ
1 ¼ Eð1Þ3 =Eð1Þ1 ¼ 0:5. It follows from these graphs that the values of ccr. decrease with a
decreasing l1; i.e. the decrease of the shear modulus in the Ox1x2 plane of the covering layer material causes a decrease
in the values of the critical velocity.
Also we consider the inﬂuence of the initial stretching strain of the covering layer on the behavior of the dependencies
between c and sh. This inﬂuence is illustrated by the graphs given in Fig. 4 which are constructed for various g1 in the case
where g2 = 0.00, e = 0.2, E
ð1Þ
2 =E
ð1Þ
1 ¼ Eð1Þ3 =Eð1Þ1 ¼ 0:5 and l1 = 0.5. It follows from the graphs that the initial stretching stain of the
covering layer causes an increase in the values of ccr..
Note that the foregoing type of numerical results is also obtained for many other values of the problem parameters. These
results have been tabulated in Tables 2 and 3 from which it follows that the critical values of the moving load velocity is
controlled mainly with a Rayleigh wave speed of the half-plane material. So that, for the change range considered of the val-
ues of the problem parameters the relationsFig. 3.
Fig. 4.
e = 0.2.0:95cð2ÞR < Vcr: < 1:07c
ð2Þ
R ðfor complete contact condition ð7ÞÞ ð30Þ
0:81cð2ÞR < Vcr: < 0:96c
ð2Þ
R ðfor incomplete contact condition ð8ÞÞ ð31ÞThe graphs of the dependencies between c and sh for various values of l1 under complete contact conditions for the case where g1 = 0, g2 = 0, e = 0.2.
The graphs of the dependencies between c and sh for various values of g1 for l1 = 0.5, under complete contact conditions for the case where g2 = 0,
Table 2
The inﬂuence of the initial stretching strain of the covering layer (i.e., of the parameter g1 under g1 > 0) on the values of ccr. for the various
lð1Þ12
Eð1Þ1
, E
ð1Þ
2
Eð1Þ1
, and E
ð1Þ
3
Eð1Þ1
in the
case where g2 = 0
lð1Þ12
Eð1Þ1
rð1Þ;011
Eð1Þ1
Eð2Þ=Eð1Þ1
0.2 0.1
Eð1Þ2 =E
ð1Þ
1 ¼ Eð1Þ3 =Eð1Þ1
0.70 0.50 0.3 0.7 0.5 0.3
0.5 0.000 1.0038 1.0073 1.0157 1.0356 1.0378 1.0430
0.8586 0.8600 0.8644 0.9017 0.9036 0.9091
0.005 1.0106 1.0139 1.0221 1.0435 1.0455 1.0499
0.8677 0.8693 0.8736 0.9140 0.9160 0.9206
0.010 1.0170 1.0203 1.0279 1.0501 1.0518 1.0553
0.8769 0.8784 0.8825 0.9259 0.9275 0.9314
0.030 1.0374 1.0398 – – – –
0.9097 0.9113 0.9148 0.9641 0.9649 0.9671
0.3 0.000 0.9968 1.0001 1.0082 1.0336 1.0357 1.0408
0.8545 0.8560 0.8602 0.9003 0.9022 0.9073
0.005 1.0046 1.0078 1.0156 1.0419 1.0440 1.0485
0.8644 0.8659 0.8700 0.9129 0.9148 0.9197
0.010 1.0117 1.0148 1.0224 1.0491 1.0506 1.0545
0.8739 0.8753 0.8795 0.9248 0.9267 0.9305
0.030 1.0352 1.0377 1.0430 – – –
0.9079 0.9091 0.9128 0.9638 0.9646 0.9670
0.2 0.000 0.9855 0.9884 – 1.0305 1.0326 1.0381
0.8491 0.8504 0.8543 0.8980 0.9003 0.9055
0.005 0.9945 0.9973 - 1.0399 1.0418 1.0465
0.8595 0.8608 0.8646 0.9116 0.9131 0.9180
0.010 1.0029 1.0058 – 1.0477 1.0493 1.0533
0.8696 0.8708 0.8747 0.9236 0.9253 0.9295
0.030 1.0310 1.0336 – – – –
0.9052 0.9064 0.9099 0.9634 0.9642 0.9667
Table 3
The inﬂuence of the initial strain of the half plane (i.e., of the parameter g2) on the values of ccr. for the various
lð1Þ12
Eð1Þ
1
, E
ð1Þ
2
Eð1Þ
1
, and E
ð1Þ
3
Eð1Þ
1
in the case where g1 = 0
lð1Þ12
Eð1Þ1
rð2Þ;011
Eð2Þ1
Eð2Þ=Eð1Þ1
0.2 0.1
Eð1Þ2 =E
ð1Þ
1 ¼ Eð1Þ3 =Eð1Þ1
0.70 0.50 0.3 0.7 0.5 0.3
0.3 0.030 1.0219 1.0252 1.0334 1.0649 1.0672 1.0732
0.8823 0.8838 0.8878 0.9331 0.9354 0.9410
0.010 1.0055 1.0090 1.0170 1.0442 1.0466 1.0521
0.8641 0.8655 0.8697 0.9114 0.9137 0.9188
0.005 1.0013 1.0046 1.0126 1.0389 1.0413 1.0464
0.8595 0.8608 0.8650 0.9058 0.9080 0.9131
0.005 0.9924 0.9957 1.0039 1.0281 1.0302 1.0353
0.8497 0.8512 0.8554 0.8946 0.8963 0.9016
0.010 0.9879 0.9912 0.9992 1.0223 1.0244 1.0296
0.8447 0.8462 0.8504 0.8886 0.8905 0.8958
0.030 0.9688 0.9719 0.9798 0.9991 1.0012 1.0057
0.8242 0.8257 0.8301 0.8643 0.8662 0.8713
0.2 0.030 1.0079 1.0106 0.8948 1.0609 1.0633 1.0696
0.8758 0.8769 0.8805 0.9310 0.9331 0.9390
0.010 0.9932 0.9961 0.8948 1.0411 1.0432 1.0489
0.8584 0.8595 0.8635 0.9093 0.9114 0.9168
0.005 0.9893 0.9922 0.8948 1.0357 1.0380 1.0435
0.8538 0.8549 0.8590 0.9037 0.9058 0.9112
0.005 0.9814 0.9845 – 1.0251 1.0272 1.0327
0.8444 0.8457 0.8496 0.8924 0.8945 0.8996
0.010 0.9774 0.9803 – 1.0195 1.0218 1.0270
0.8396 0.8410 0.8450 0.8867 0.8890 0.8938
0.030 0.9600 0.9630 – 0.9969 0.9990 1.0037
0.8198 0.8211 0.8253 0.8631 0.8648 0.8698
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Fig. 5. Distribution of the stress on the interface plane with respect to x1/h for various values of g1 for l1 = 0.5, c = 0.4, under complete contact conditions for
the case where g2 = 0, e = 0.2. (a) Shear stress r12(x1) (b) normal stress r22(x1).
S. Akbarov, N. _Ilhan / International Journal of Solids and Structures 45 (2008) 4222–4235 4231occur. Peat, organic clays and soft marine clays which can be taken as the half-plane materials have a Rayleigh wave velocity,
as low as 120–200 km/h (see, for example, a paper by Madshus and Kaynia (2000)). Consequently, in the foregoing and other
similar cases numerical results obtained for the critical velocity of the moving load and tabulated in Tables 2 and 3 have a
realistic meaning. It should be noted that in a qualitative sense this concluding agree well with the experimental and the-
oretical results obtained by Madshus and Kaynia (2000).
In these tables the sign ‘‘–” indicates that in the corresponding case, the critical velocity does not exist. At the same time,
it follows from these tables and from the relations (30) and (31) that the incompleteness of the contact conditions reduces
signiﬁcantly the values of the critical velocity. In the next section, the other conclusions reached on the basis of the data gi-
ven in Tables 2 and 3 will be elaborated on.
Now we consider the distribution of the stresses acting on the interface plane between the covering layer and half-plane.
The numerical results show that the effect of parameter l1 (i.e., the effect of shear modulus in the Ox1x2 plane) on the afore-
mentioned stress distribution is more signiﬁcant than that of the parameters Eð1Þ2 =E
ð1Þ
1 and E
ð1Þ
3 =E
ð1Þ
1 . Therefore, while obtaining
the numerical results (which will be discussed below) it is assumed that Eð1Þ2 =E
ð1Þ
1 ¼ Eð1Þ3 =Eð1Þ1 ¼ 0:5. Moreover, unless other-
wise indicated, it is also assumed that e = 0.2, g1 = g2 = 0.00, c = 0.4.
The graphs in Fig. 5 show the inﬂuence of the initial stretching strain of the covering layer on the distribution of the stres-
ses r12 (Fig. 5a) and r22 (Fig. 5b) for l1 = 0.5. According to these graphs, we can conclude that the initial stretching strain of
the covering layer causes the absolute values of the stresses to decrease.
Fig. 6 shows the distribution of the stress r22 for the complete (Fig. 6a) and incomplete (Fig. 6b) contact conditions for
various l1. It follows from these graphs that in the vicinity of the point x1/h = 0 the absolute values of r22 increase with a
decreasing l1. Moreover, these graphs show that the inﬂuence of the incompleteness of the contact conditions on the dis-
tribution of the stress r22 is insigniﬁcant in the qualitative as well as in the quantitative senses. Therefore, we prefer here
to consider only one of the two types of contact conditions, namely the complete contact condition, for the stress distribution
analyses.
The inﬂuence of l1 on the distribution of shear stress r12 is illustrated by the graphs given in Fig. 7. In particular, it follows
from these graphs that the point at which r12 has its maximum approaches to the point x1/h = 0 as l1 decreases.
Consider the inﬂuence of the moving load’s velocity on the analyzed stress distribution. This inﬂuence is illustrated by the
graphs given in Fig. 8 which show the distribution r12 (Fig. 8a) and r22 (Fig. 8b) with respect to x1/h for various c when
Fig. 6. Distribution of the normal stress r22(x1) on the interface plane with respect to x1/h for various values of l1 for the case where g1 = 0,g2 = 0, e = 0.2,
c = 0.4. (a) Complete contact conditions, (b) incomplete contact conditions.
4232 S. Akbarov, N. _Ilhan / International Journal of Solids and Structures 45 (2008) 4222–4235l1 = 0.5. These graphs conﬁrm that in the region where jx1/hj 6 2.5 the absolute values of r22 increase with c. However, for
jx1/hj > 2.5 the absolute values of r22 decrease with c. Note that while obtaining the data in the foregoing graphs it is assumed
that c < ccr..
Consider the dependencies between r22(atx1/h = 0.0) and c. As noted above, the absolute values of all quantities (as well as
the absolute values of r22) which characterize the mechanical behavior of the considered system approach inﬁnity as c? ccr..
Therefore, in the construction of these graphs, the values of c are increased up to near vicinity of ccr..
The graphs of the aforementioned dependencies are given in Figs. 9 and 10. The results illustrated in Fig. 9 are attained for
various g1 under g2 = 0.00, l1 = 0.5. According to these graphs we can conclude that the absolute values of r22 (at x1/h = 0.0)
increase monotonously with c. In this case the existence of initial stretching strain in the covering layer causes the absolute
values of r22 to decrease.
The graphs given in Fig. 10 also show the dependencies between r22(atx1/h = 0.0) and c. However, these graphs are con-
structed for various l1 and again conﬁrm that the absolute values of r22(at x1/h = 0.0) increase signiﬁcantly as l1 decreases, in
other words, as the shear modulus of the covering layer material decreases.
5. Conclusions
From the results analyzed above the following conclusions were reached:
 the critical velocity was only present in cases where e < 1; in other words, the critical velocity arises in cases where the
modulus of elasticity of the covering layer material in the moving direction of the external force is more than that of the
half-plane material;
 the values of the critical velocity were controlled mainly with a Rayleigh wave velocity of the half-plane material, at the
same time, the incompleteness of the contact conditions reduces signiﬁcantly the values of this critical velocity;
 the values of the critical velocity increased with the modulus of elasticity of the covering layer material in the moving
direction of the external force;
Fig. 7. Distribution of the shear stress r12(x1) on the interface plane with respect to x1/h for various values of l1 under complete contact conditions for the
case where g1 = 0, g2 = 0, e = 0.2,c = 0.4.
Fig. 8. Distribution of the stress on the interface plane with respect to x1/h for various values of c for l1 = 0.5, under complete contact conditions for the case
where g1 = 0, g2 = 0, e = 0.2. (a) Shear stress r12(x1) (b) normal stress r22 (x1).
S. Akbarov, N. _Ilhan / International Journal of Solids and Structures 45 (2008) 4222–4235 4233 the initial stretching strain of the covering layer and of the half-plane causes an increase in the values of the critical
velocity;
 the initial compression strain of the half-plane results in a decrease in the critical velocity values;
 the values of the critical velocity decrease as l1 decreases, i.e., as shear modulus of the covering layer material decreases
 the numerical results obtained for the critical velocity agree well both qualitatively and quantitatively with the known
results attained by Babich et al. (1986),Akbarov et al. (2007),Madshus and Kaynia (2000);
Fig. 9. The graphs of the dependencies between normal stress r22(x1) and c for various values of g1 for l1 = 0.5, under complete contact conditions for the
case where g2 = 0, e = 0.2.
Fig. 10. The graphs of the dependencies between normal stress r22(x1) and c for various values of l1 under complete contact conditions for the case where
g2 = 0, e = 0.2.
4234 S. Akbarov, N. _Ilhan / International Journal of Solids and Structures 45 (2008) 4222–4235 the values of maxjr22j, maxjr12j increased with moving load velocity, where r22 (r12) is a normal (shear) stress acting on
the interface plane between the covering layer and half-plane;
 the initial stretching of the covering layer causes to decrease the values of the foregoing stresses;
 the values of maxjr22j, maxjr12j increased with as shear modulus of the covering layer material (i.e., the values of l1)
decreases.
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